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Abstract: We compute the Casimir Helmholtz free energy, using its fundamental
definition, for a fermion field between two parallel plates with the MIT boundary
conditions. We show that the Casimir free energy and other Casimir thermody-
namic quantities, including the pressure, energy, and entropy go to zero as the
temperature, the distance between the plates, or mass of the field increases. We
compare our results with those of four different methods in common use, which
we calculate explicitly. These include the zeta function method, the zero temper-
ature subtraction method, and their renormalized versions. As is well known, the
high temperature expansion of results of the former two contain the black-body
term T 4, the subtraction of which in the renormalized versions for the massless
case yields the correct results based on the fundamental definition. However, for
the massive case, we show that these five methods yield five different results. We
then explain the sources of the differences.
Keywords: Casimir effects; finite temperature; massive fermion field; the generalized zeta
function.
1 Introduction
In 1948, Casimir [1] predicted an attractive force between neutral parallel con-
ducting plates due to the zero-point energy of the quantized electromagnetic field.
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The Casimir effects are among the most interesting manifestations of the vac-
uum in quantum field theory, and have been studied extensively for more than 70
years. These effects arise when a system is subject to nonperturbative conditions
or constraints, such as boundary conditions, background fields such as solitons, or
nontrivial space-time backgrounds. These nonperturbative constraints are part of
the definition of the system, including its vacuum. The Casimir effects have many
applications in various branches of physics such as particle physics [2], condensed
matter and laser physics [3], nanotechnology [4], string theory [5], and cosmol-
ogy [6]. In connection with the experimental aspect, Sparnaay was the first to
investigate the Casimir force [7], but Lamoreaux et al. [8] were the first to mea-
sure it with acceptable precision. For a comprehensive review see for example
[9–11]
In this paper, we explore the differences between some of the commonly
used definitions, methods, and computational techniques for the finite tempera-
ture Casimir effects. These include the zeta function method, the zero tempera-
ture subtraction method, and their renormalized versions. Our reference method
is based on the fundamental definition of the Casimir free energy which is the
difference between the infinite vacuum free energies of systems subject to the
constraints and the corresponding ones that are free from them, both being at the
same temperature. In order to be concrete, we find it necessary to concentrate on
an illustrative example which we choose to be a massive fermion between two
parallel plates with the MIT boundary condition. As we shall show, all of the
methods mentioned above yield different results in this case. Before we start with
the computations, we briefly review the development of the finite temperature
Casimir effects.
The fundamental definition of the zero temperature Casimir energy, as stated
by Casimir in 1948, is the difference between the zero point energies of the sys-
tem with and without the constraints. Finite temperature Casimir effect was first
introduced by Lifshitz [12] in 1956, who calculated the attractive force between
two parallel dielectric plates, at finite temperature by introducing fluctuating elec-
tromagnetic field. At high temperatures, the Casimir pressure was found to be
proportional to the temperature. This term was later denoted as the classical term.
Later on, Mehra [13] in 1967 used the Helmholtz free energy, which we shall
henceforth refer to simply as the free energy, to calculate the thermal correction
to the zero temperature Casimir pressure for a conducting cubic cavity. In that
paper, the Casimir pressure was calculated as the difference between the pressure
inside and outside of the cube, both being at the same temperature. His results
also included the classical term at high temperatures.
The next major work on thermal corrections is due to Brown and Maclay [14]
in 1969, who calculated the electromagnetic stress-energy tensor between two
conducting parallel plates. Using the image-source construction, they obtained
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the components of the tensor as thermodynamic variables, without any divergent
terms. However, for the first time, the final results for both the Casimir pressure
and energy density included terms due to the black-body radiation which are pro-
portional to T 4.
In a series of papers from 1976 to 1980, Dowker et al. [15–17] calculated the
vacuum expectation value of the stress-energy tensor at finite temperature using
the Green function formalism for a scalar field in curved space-time. They used
three different renormalization schemes to obtain finite results. First, they sub-
tracted the (0, 0) temperature-spatial mode. Second, they used a ‘Casimir renor-
malization’ as the difference between free energies before and after constructing
the boundary, both being at the same temperature, to compute the heat kernel co-
efficients. Third, they subtracted the contribution of the free Green function at the
zero temperature, which they referred to as ‘the standard flat space renormaliza-
tion prescription’. The high temperature limit of 〈T00〉 in their first and third work
had terms proportional to T 4 and T , while Casimir free energy in their second
work had terms proportional to T 3, T and T lnT .
In 1978 Balian and Duplantier [18] defined and used the fundamental defini-
tion of the Casimir free energy for the electromagnetic field in a region bounded
by thin perfect conductors with arbitrary smooth shapes. The high temperature
limit of their results for parallel plates was proportional to T , while for the enclo-
sures included an additional term proportional to T lnT .
In 1983 Ambjørn andWolfram [19], computed the Casimir energy and entropy
for scalar and electromagnetic fields in a hypercuboidal region, using the gener-
alized zeta function along with the reflection formula as an analytic continuation
technique. They showed that the high temperature limit of the Casimir energy for
the scalar field in a rectangular cavity in 3 + 1 dimensions includes terms pro-
portional to T 4, T 2 and T lnT . In 1991 Kirsten [20] computed the heat kernel
coefficients for the grand thermodynamic potential for a massive bosonic field in
hypercuboids in n-dimensions subject to the Dirichlet boundary condition, using
the zeta function, and in four dimensions obtained terms proportional to T 4, T 3,
T 2, T and T lnT .
In 1992, Elizalde and Romeo [21], calculated the free energy for a massive
bosonic field in hypercuboids of arbitrary dimensions, using multidimensional Ep-
stein zeta functions. They indicated that, as stated in [22], to calculate the Casimir
free energy, one has to subtract the free energy of the unconstrained boson field,
which would eliminate the T 4 term. In 2008 Geyer et al. [23] suggested a renor-
malization procedure to calculate the finite temperature free energy, which would
supplement the use of zeta function. They stated that the use of zeta function does
not include all necessary subtractions, and the terms proportional to powers of T
higher than the classical terms obtained in the high temperature limit from the heat
kernel method, have to be subtracted.
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So far we have mentioned some of the controversies over the finite temperature
Casimir effects for bosons. Here, for illustrative purposes, we focus on the finite
temperature Casimir effects for the fermion fields. This subject started with the
work of Gundersen and Ravndal in 1988 [24], where they explicitly calculated the
Casimir free energy for a massless fermion field at finite temperature between two
parallel plates. They defined the Casimir free energy as the difference between
the free energy in the presence of the plates at temperature T and that of the free
space at T = 0. The results that they obtained for the Casimir free energy and
pressure included T 4 terms, with force being attractive at low temperatures, and
repulsive and increasing without bound at high temperatures.
In 2004, Santana et al. [25] calculated the Casimir pressure and energy by a
generalized Bogoliubov transformation for a massless fermion field in the cases of
two parallel plates, square wave-guides, and cubic boxes, and they confirmed the
results of [24]. The high temperature limit of these results contains the T 4 term
which is equivalent to the black-body term. Since then, the zeta function technique
has been employed in some papers, yielding T 4 for the high temperature limit of
the Casimir effects [26].
In 2010 Cheng [27], calculated the Casimir force for a massless Majorana
fermion field between two parallel plates using the piston approach. He used zeta
function analytic continuation for both parts of the piston, and upon subtracting
the two forces, he obtained a Casimir force which is always attractive and ap-
proaches zero as temperature increases. In 2011 Khoo and Teo [28] presented a
similar analysis for massive fermions with extra compact dimensions, and found
that the Casimir force is always attractive at any temperature. Also, they stated
that the high temperature limits of their results for the Casimir free energy and
force contain a term proportional to T , which they called the classical term. In
2018 Mo and Jia [29] considered a massless fermion field confined in a rectangu-
lar box and defined a renormalized free energy by subtracting the free black-body
term along with possible terms proportional to T 2 and T 3 so as to eliminate high
temperature divergences, with reference to Geyer’s work [23]. They used the
Schlo¨milch formula which is based on the zeta function. They showed that, after
subtracting these terms, both the Casimir free energy and force for parallel plates
go to zero at high temperatures.
As is apparent from the historical outline presented, the zeta function has been
used extensively in the calculations of the Casimir effects to evaluate the sums
over the regular spatial or Matsubara modes, and often as an analytical contin-
uation technique. In some methods, zeta function is used explicitly to calcu-
late the Casimir thermodynamic quantities, e.g. in [21], or implicitly, e.g. in the
Schlo¨milch’s formula, or as a supplementary part. Examples of the latter include
the heat kernel method and the Bogoliubov transformation where the zeta function
is used to evaluate the final summations. As we shall show, the use of the gener-
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alized zeta function for the sum over spatial modes, which is possible only for the
massless cases since they are regular, is equivalent to subtracting the case with no
boundaries at zero temperature, and this yields the correct results for the zero tem-
perature cases. Furthermore, as we shall show, the use of the zeta function for the
sum over Matsubara frequencies, which are always regular, is roughly equivalent
to subtracting the zero temperature case1. However, these equivalences imply that
they are both in principle contrary to the fundamental definition, and as we shall
show for the fermionic case, they yield, in principle, results which are not equiva-
lent to that resulting from the fundamental definition. The former results contain
extra terms, whose high temperature limits include terms proportional to powers
of T higher than the classical term, up to and including the black-body term T d in
d space-time dimension. As we shall show, only for the case a massless fermions
can these terms be removed by the renormalization programs introduced [23, 29],
or cancel out in the piston method [23, 27, 28].
In this paper we solve the massive fermionic case between two parallel plates,
as the simplest nontrivial example, by five different methods, all yielding different
results. These methods are based on the following: 1. the fundamental definition,
2. the Epstein zeta function, 3. the zero temperature subtraction, 4. the Epstein zeta
function with the renormalization program of [23,29], and 5. the zero temperature
subtraction with the renormalization program of [23, 29]. There are three limits
in which one might naturally expect the Casimir effects to vanish: large plate
separation, large mass limit, and the high temperature limit. Here we show that
out of these five methods, only the one based on the fundamental definition has all
three of the desired properties, i.e., all of the Casimir thermodynamics quantities
including the free energy, the energy, the entropy, and the pressure go to zero at
those limits.
Throughout this paper, we display or outline multiple ways of computing the
same physical quantities, in order to ascertain the delicate cancellations of diver-
gent sums and integrals have been done correctly. In Sec. 2, we present two forms
for the free energy for a fermion field at finite temperature, which is subject to the
MIT boundary conditions at two plates but otherwise free, starting with the path
integral formalism. In Sec. 3, we calculate the Casimir free energy for a massless
fermion field, based on fundamental definition and using the Poisson summation
formula, and show that the Casimir free energy and pressure go to zero at high
temperatures and large distances. In Sec. 4, we calculate the Casimir free en-
ergy and pressure of a massless fermion field using the generalized zeta function
and the zero temperature subtraction methods, obtaining identical results which
have extra black-body terms as compared to the results based on the fundamental
definition. We then show how the renormalization program subtracts these extra
1We shall clarify this statement in Secs. (4,6)
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black-body terms, yielding the correct results, based on the fundamental defini-
tion. In Sec. 5, we consider a massive fermion field as the simplest nontrivial
example, and calculate Casimir free energy, pressure, energy, and entropy using
the fundamental definition. We show that they all go to zero in the high temper-
ature and large mass limits. In Sec. 6, we calculate the Casimir free energy and
pressure for the same massive fermion problem as in Sec. 5, using the other four
methods, i.e., the zeta function method, the zero subtraction method, and their
renormalized versions, obtaining four different results none of which is equiva-
lent to that based on the fundamental definition. Moreover, we show that in the
high temperature limit, the results of the first two diverge as T 4, and the last two
as lnT . Finally, in Sec. 7 we present our conclusion.
2 The Helmholtz Free Energy
Historically, the oldest and most often used approach to thermal field the-
ory is the imaginary-time formalism. This approach started with the work of
Felix Bloch in 1932, who noticed the analogy between the inverse temperature
and imaginary-time [30], which led to the so-called temperature Green functions
with purely imaginary-time arguments. In 1955, Matsubara presented the first
systematic approach to investigate quantum field theory at finite temperature by
imaginary-time formalism, using the Wick rotation [31]. The discrete frequen-
cies in this formalism are known as Matsubara frequencies. In 1957, Ezawa et al.
extended the Matsubara’s work to the relativistic quantum field theory [32]. They
discovered the periodicity (anti-periodicity) conditions for the Green function of
boson (fermion) fields, the generalization of which became known as the KMS
(Kubo [33] (1957), Martin and Schwinger [34] (1959)) condition. In the 1960s,
Schwinger [35], Keldysh [36] and others [37] developed the real time formalism
for the finite temperature field theory. The latest developement of this formalism
was presented by Takahashi and Umezawa [38] based on an operator formulation
of the field theory at finite temperature which is called Thermofield Dynamics
(TFD). Since then, many subjects in finite temperature field theory, e.g. thermal
Ward-Takahashi relations, KMS relations, renormalization procedure, have been
studied and reported in for example [39–43].
In this paper we use the Matsubara formalism to study the Casimir effect for
a free fermion field confined between two parallel plates at finite temperature.
In this formalism, a Euclidean field theory is considered by a wick rotation on
the time coordinate t → −iτ such that, the Euclidean time τ is confined to the
interval, τ ∈ [0, β], where β = (kT )−1 [31,40]. The partition function in the path
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integral representation becomes:
Z =
∫
ψ(β,−→r )=−ψ(0,−→r )
ψ(β,−→r )=−ψ(0,−→r )
DψDψ exp

−
β∫
0
dτ
∫
d3xLE

 . (2.1)
For a free fermion field, the expression simplifies as follows,
Z = Det (γµE∂µE +m) . (2.2)
Using the partition function given by Eq. (2.2), the free energy is obtained as,
F = −Ln(Z)
β
= −T Ln [Det (γµE∂µE +m)] = −2T Tr
[
Ln
(
P 2E +m
2
)]
.
(2.3)
The trace in Eq. (2.3) indicates the summation over eigenvalues of Dirac opera-
tor in momentum space representation. Moreover, the modes of zero-component
of momentum or the Matsubara frequencies are discrete, due to the KMS anti-
periodicity condition on the finite τ interval,
ωn0 =
n0pi
β
, where (n0 = ±1,±3,±5, ...). (2.4)
We impose the MIT boundary condition on the plates, which prevents the flow
of fermion current out of the plates, as follows(
1 + iγµnjµ
)
Ψ(x)|(z=zj) = 0, (2.5)
where njµ is the unit vector perpendicular to the plate located at zj . We consider
the plates to be located at z = −L
2
and z = L
2
, and solve the free Dirac equation
in three spatial dimensions, subject to the above boundary conditions. We obtain
the following condition for the discrete spatial modes in z direction,
f(kn1) = kn1 cos(kn1L) +m sin(kn1L) = 0. (2.6)
Note that the modes for the massive case are irregular, i.e., not equally spaced.
However, for the massless case the modes are regular and given by,
kn1 =
n1pi
2L
(n1 = 1, 3, 5, ....). (2.7)
Using Eqs. (2.3,2.4), the expression for the free energy becomes
Fbounded(T, L) = −2TA
∫
d2KT
(2pi)2
∞′∑
n0=−∞
∑
n1
Ln
[(
n0pi
β
)2
+ ω2n1,KT
]
, (2.8)
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where ωn1,KT =
√
kn1
2 +KT
2 +m2, the prime on the summation denotes re-
striction of the sum to odd integers, and A denotes the area of the plates. We
shall refer to this expression for free energy as the first form. One can perform the
sum over the Matsubara frequencies, using the Principle of the Argument [44], to
obtain the usual form of the free energy in statistical mechanics [11],
F = −2A ∫ d2KT
(2pi)2
∑
n1
[
ωn1,KT + 2T Ln
(
1 + e−βωn1,KT
)]
. (2.9)
One advantage of this second form of the free energy, given by Eq. (2.9), is that the
contribution of the zero temperature part is separated from the thermal correction
part.
3 The Casimir Free Energy for a Massless Fermion
Field
In this section we calculate the Casimir free energy, using its fundamental defi-
nition, for a free massless Dirac field between two parallel plates, separated by
a distance L, with the MIT boundary conditions. In Sec. 5, we generalize to the
massive case, and verify that, as expected, its massless limit coincide with the re-
sults of this section. As mentioned above, the fundamental definition of FCasimir is
the difference between the free energy of the system in the presence of nonpertur-
bative conditions or constraints, and the one with no constraints, both being at the
same temperature T and having the same volume. The nonperturbative conditions
or constraints include boundary conditions, background fields such as solitons,
and nontrivial space-time backgrounds. In cases where the constraints are in the
form of non-trivial boundary conditions, the free case can be defined as the case
in which the boundaries have been placed at spatial infinities. For the latter cases,
the fundamental definition can be written as,
FCasimir(T, L) = Fbounded(T, L)− Ffree(T, L), (3.1)
where the dependence of Ffree on L simply denotes the restriction of the volume
of space considered.
To calculate the free energy for a massless fermion we use the first form pre-
sented in Eq. (2.8), along with Eq. (2.7), and obtain2
Fbounded(T, L) = 2TA
∫
d2KT
(2pi)2
∞′∑
n0=−∞
∞′∑
n1=1
lim
s→0
∂
∂s
∞∫
0
e
−t
[
(n0piβ )
2
+(n1pi2L )
2
+K2
T
]
Γ(s)t1−s
dt,
(3.2)
2We have used the following identity: Log(x) = lim
s→0
[
− ∂
∂s
∞∫
0
e−tx
Γ(s)t1−s dt
]
.
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The primes on the summations denote restrictions to odd integers n0 and n1. First,
we express the sums in the following symmetrized forms
∞′∑
n0=−∞
e−t(
n0pi
β )
2
=
1
2
[
∞∑
n0=−∞
e
−t
(2n0+1)
2pi2
β2 +
∞∑
n0=−∞
e
−t
(2n0−1)
2pi2
β2
]
, (3.3)
∞′∑
n1=1
e−t(
n1pi
2L )
2
=
1
4
[
∞∑
n1=−∞
e−t
(n1+ 12)
2
pi2
L2 +
∞∑
n1=−∞
e−t
(n1− 12)
2
pi2
L2
]
. (3.4)
Using the Poisson summation formula3 for the sums over Matsubara frequencies
and the spatial modes on the right hand side of Eqs. (3.3, 3.4), we obtain
∞′∑
n0=−∞
e−t(
n0pi
β )
2
=
β
2
√
pit
+
β√
pit
∞∑
n0=1
(−1)n0e−n0
2β2
4t , (3.5)
∞′∑
n1=1
e−t(
n1pi
2L )
2
=
L
2
√
pit
+
L√
pit
∞∑
n1=1
(−1)n1e−n1
2L2
t . (3.6)
Next, we evaluate all of the integrals and limits, except for the divergent term
resulting from the multiplication of the first terms on the right hand sides of
Eqs. (3.5, 3.6), to obtain the free energy between the two plates. Below we ex-
press the results in a form in which the zero temperature part is separated from the
thermal correction part, as follows
Fbounded(T, L) = Fbounded(0, L) + ∆Fbounded(T, L), where
Fbounded(0, L) =
AL
8pi2
lim
s→0
∂
∂s
∞∫
0
dt
Γ(s)t3−s
− 7Api
2
2880L3
, and
∆Fbounded(T, L) = −7ALpi
2
180
T 4 +
8
pi2
∞∑
n0=1
∞∑
n1=0
ALT 4(−1)n0+n1[
n20 + (2n1TL)
2]2 . (3.7)
On the other hand, the contribution of the free energy of the unconstrained case,
3The Poisson summation formula (see, for example, [45, 46]) for a continous and bounded
function f on R can be expressed as,
∞∑
n=−∞
f(n) =
∞∑
m=−∞
∞∫
−∞
dxf(x)e−i2pimx
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which is considered at the same temperature T and same volume V = AL, is
Ffree(T, L) = 2TAL lim
s→0
∂
∂s
∞∫
0
dt
Γ(s)t1−s
∞′∑
n0=−∞
e−t(
n0pi
β )
2
∫
d2KT
(2pi)2
∫
dk
2pi
e−t(k
2+K2
T ).
(3.8)
Performing the same procedure as for the bounded case, we obtain the free energy
of the free case. Below, we again express the results in a form in which the zero
temperature part is separated from the thermal correction part, as follows
Ffree(T, L) = Ffree(0, L) + ∆Ffree(0, L), where
Ffree(0, L) =
AL
8pi2
lim
s→0
∂
∂s
∞∫
0
dt
Γ(s)t3−s
, and
∆Ffree(T, L) = −7ALpi
2
180
T 4. (3.9)
As can be seen from the Eq. (3.9), Ffree(0, L) is divergent and is precisely the
same as the divergent part of Fbounded(0, L) given in Eq. (3.7), while the thermal
correction term of the free case, i.e. black-body term, is finite. We can also start
with the second form of the free energy formula given by Eq. (2.9) to calculate
the free energy of the free case and obtain the same result as given by Eq. (3.9).
When calculating the Casimir free energy, based on its fundamental definition,
i.e., Eq. (3.1), the divergent terms and the black-body terms of Fbounded(T, L) and
Ffree(T, L) completely cancel, yielding,
FCasimir(T, L) = − 7Api
2
2880L3
+
8ALT 4
pi2
∞∑
n0=1
∞∑
n1=0
(−1)n0+n1[
n20 + (2n1TL)
2]2 . (3.10)
One can now compute the sum over n0 to obtain,
FCasimir(T, L) =
AT
4piL2
∞∑
n1=1
(−1)n1 1 + (2pin1TL) coth (2pin1TL)
n31 sinh (2pin1TL)
. (3.11)
The zero temperature limits of Eqs. (3.10, 3.11) yield the following well known
result FCasimir(0, L) = ECasimir(0, L) = −7pi2A/(2880L3). One can also start with
the second form of the free energy formula (2.9) for this case and obtain exactly
the same expression for the Casimir free energy as given by Eq. (3.11).
In Fig. (1), the Casimir free energy is plotted as a function of temperature
for various values of L. As can be seen from this figure, FCasimir(T, L) is always
negative, and goes to zero as the temperature or L increases. Note that the van-
ishing of FCasimir(T, L) as T goes to infinity, occurs due to the subtraction of the
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free case at the same temperature which amounts to the complete cancellation
of the black-body term, without the need for any extra renormalization program.
Moreover, this shows that there is no classical term proportional to T for the mass-
less fermions between plates, which, as we shall show, also holds for the massive
fermions.
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Figure 1: The Casimir free energy per unit volume for a massless fermion field between
two parallel plates as a function of temperature for various values of plate separations
L = {0.5, 0.75, 1.0, 1.5}.
Having obtained the Casimir free energy, one can easily calculate all other
thermodynamic quantities such as the Casimir pressure, energy, and entropy. For
example the Casimir pressure is given by,
PCasimir(T, L) = − 1
A
∂
∂L
FCasimir(T, L) =
T
2piL3
∞∑
n1=1
(−1)n1
n31 sinh (2pin1TL)
×
{
1 + (2TLpin1) coth (2pin1TL) + 2(pin1TL)
2 [2 coth2 (2pin1TL)− 1]
}
.
(3.12)
Moreover, one can calculate directly the Casimir pressure based on its fundamen-
tal definition, as given by [12, 13], which is the differences between the pressure
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inside the two plates and outside the plates. To this end, we have considered two
inner plates enclosed within two outer plates, as the distance of the latter goes to
infinity, and have obtained the same result as given by Eq. (3.12). By integrating
over the distance between two plates, at fixed temperature, the Casimir free energy
can be calculated, yielding the same result as given by Eq. (3.11), without any ex-
tra terms. In Fig. 2, the Casimir pressure is plotted as a function of temperature
for various values of L. As can be seen from this figure, PCasimir(T, L) is always
negative, and goes to zero as the temperature or L increases.
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Figure 2: The Casimir pressure for a massless fermion field between two paral-
lel plates as a function of temperature for various values of plate separations L =
{0.5, 0.75, 1.0, 1.5}.
Another method which can be used to calculate the Casimir free energy, is
the Abel-Plana formula (see, for example, [47])4, which we use to calculate the
4The simplest form that is needed here is the following
∞∑
n=0
f
(
n+
1
2
)
=
∞∫
0
f(t)dt− i
∞∫
0
f(it)− f(−it)
e2pit + 1
dt.
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thermal correction part of the free energy given by Eq. (2.9). First, we expanded
the logarithm for large values of β, and then use the Abel-Plana formula to obtain,
FCasimir(T, L) = − 7pi
2A
2880L3
+
7pi2T 4AL
180
+
T 3A
pi
∞∑
j=1
(−1)j 1 +
pij
2TL
coth
(
pij
2TL
)
j3 sinh
(
pij
2TL
) .
(3.13)
The first term is the zero temperature part and the rest constitute the thermal cor-
rection part. This form is equivalent to the result obtained above, i.e. Eq. (3.11).
However, to have an accurate plot using this form, one has keep a large number
of terms, otherwise the graph would show an increase at high values of T . This is
due to the high β expansion mentioned above.
4 Massless Fermions and the Generalized Zeta Func-
tion
In this section, we consider a commonly used alternative method, called the gen-
eralized zeta function method, for computing the Casimir free energy for massless
fermions at finite temperature. To fully explore this method, we consider three dif-
ferent ways of using the zeta function and show that they yield identical results.
Moreover, we shall compute the Casimir free energy using the zero temperature
subtraction method [24], and show that its results are identical to those of the zeta
function methods. However, as we shall show, these results are not equivalent
to the one obtained in the last section based on the fundamental definition of the
Casimir free energy.
For the computation of the Casimir free energy using the zeta functionmethod,
we use only the first form given by Eq. (2.8). We evaluate the integral over the
transverse momenta to obtain the following expression,
F (T, L) =
TA
4pi
lim
s→0

 ∂∂s
∞′∑
n0=−∞
∞′∑
n1=−∞
∞∫
0
dt
Γ(s)t2−s
e
−t
[
(n0piβ )
2
+(n1pi2L )
2
]

 . (4.1)
As mentioned before, both sums are over odd integers, which can be written as
the difference between sums over all integers and even integers. By integrating
over the parameter t we obtain,
F (T, L) =
TA
4pi
lim
s→0
∂
∂s
Γ(s− 1)
Γ(s)
∞∑
n0=−∞
∞∑
n1=−∞
[(
n20pi
2
β2
+
n21pi
2
4L2
)1−s
−
(
n20pi
2
β2
+
n21pi
2
L2
)1−s
−
(
4n20pi
2
β2
+
n21pi
2
4L2
)1−s
+
(
4n20pi
2
β2
+
n21pi
2
L2
)1−s]
. (4.2)
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To use the generalized zeta function, we have to impose the constraint that each of
the double sums should not include the (n0 = 0, n1 = 0)mode. For cases in which
the spatial modes do not include a zero mode, this constraint is automatically
satisfied, otherwise this would amount to a renormalization. Our case is in the
category of the former, and the (0,0) modes cancel between the four terms in
Eq. (4.2).
The first method is to use the homogeneous generalized zeta function to do
simultaneously the double summations for each of the four terms in Eq. (4.2). In
this case the analytic continuation is rendered by the reflection formula (see Ap-
pendix A). Exactly the same method has been used in [48] to obtain an expression
for the Casimir free energy for a massless field confined between two plates. The
final result of [48] has been presented as a finite fractional expression which in-
cludes a double sum over n0 and n1. Here, we simplify these summations (see
Appendix A), compute the sum over the Matsubara frequencies, and present the
final result as follows,
FZeta(T, L) = ∆Ffree(T, L) +
AT
16piL2
∞∑
n1=1
1
n31
{
csch (4piTLn1)−
4 csch (2piTLn1) + 4TLpin1
[
coth (4piTLn1)
sinh (4piTLn1)
− 2coth (2piTLn1)
sinh (2piTLn1)
]}
, (4.3)
where∆Ffree(T, L) is the thermal correction term of the massless free case, which
is the black-body term proportional to T 4, given in Eq. (3.9). The zero temperature
limit of this expression gives the correct result for FCasimir(0, L) = ECasimir(0, L) =
−7pi2A/(2880L3). We have denoted the Casimir free energy obtained by this
method as FZeta, to distinguish it from the one obtained using the fundamental
definition, which we have simply denoted by FCasimir.
The second method is to use the inhomogeneous form of the zeta function to
sum over the spatial modes for each of the four terms in Eq. (4.2) yielding (see
Appendix A),
FZeta(T, L) = −14T
4ALpi2
3
∞∑
n0=1
n30+
TA
4piL2
∞∑
n1=1
(−1)n1 1 + (2piTLn1) coth(2piTLn1)
n31 sinh(2piTLn1)
.
(4.4)
The first term on the right hand side is a sum over temperature modes and is
divergent and the second one is identical to our result (3.11). If we use the zeta
function on this sum as an analytic continuation, i.e. ζ(−3) = 1/120, we obtain,
FZeta(T, L) = ∆Ffree(T, L) +
TA
4piL2
∞∑
n1=1
(−1)n1 1 + (2piTLn1) coth(2piTLn1)
n31 sinh(2piTLn1)
.
(4.5)
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The first term is again the back-body term given by Eq. (3.9). The zero tempera-
ture limit of this expression gives the correct result for FCasimir(0, L) = ECasimir(0, L) =
−7pi2A/(2880L3).
The third method is to use the inhomogeneous form of the zeta function to sum
over the Matsubara frequencies for each of the four terms in Eq. (4.2) yielding (see
Appendix A),
FZeta(T, L) = −7Api
2
24L3
∞∑
n1=1
n31 +
T 3A
pi
∞∑
j=1
(−1)j 1 +
(
pij
2TL
)
coth
(
pij
2TL
)
j3 sinh
(
pij
2TL
) . (4.6)
If we again use the zeta function on the first sum as an analytic continuation, we
obtain,
FZeta(T, L) = − 7Api
2
2880L3
+
T 3A
pi
∞∑
j=1
(−1)j 1 +
(
pij
2TL
)
coth
(
pij
2TL
)
j3 sinh
(
pij
2TL
) . (4.7)
The first term is the zero temperature part, while the black-body T 4 term is em-
bedded in the high temperature limit of the second term. It can be easily shown
that the three expressions obtained by the three different methods of using the zeta
function, i.e. Eqs. (4.5, 4.7, 4.3), are equivalent. Although the last two methods
have not been used before in the literature, as far as we know, for obtaining the
Casimir free energy, it is important to see that various ways of utilizing the zeta
function yield equivalent results.
Next we calculate the Casimir free energy using the zero temperature subtrac-
tion method (ZTSM) [24]. This quantity is defined as follows,
FZTSM(T, L) = Fbounded(T, L)− Ffree(0, L). (4.8)
We present or outline five different methods of calculating this quantity. The first
four methods are based on the first form of the free energy given by Eq. (2.8), and
the fifth is based on the second form given by Eq. (2.9). In the first method, we
represent the sum over spatial modes in the symmetrized form used in Eq. (3.4)
and use the Poisson summation formula to obtain,
FZTSM(T, L) =
16ALpi2
3
T 4
[
∞∑
n0=0
(
n0 +
1
2
)3
−
∫ ∞
0
dkk3
]
+
TA
4piL2
∞∑
n1=1
(−1)n1 1 + (2piTLn1) coth(2piTLn1)
n31 sinh(2piTLn1)
. (4.9)
Using the Abel-Plana formula for the first part of Eq. (4.9), the final result is
identical to FZeta(T, L) given by Eq. (4.5). In the second method, we represent
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the sum over the spatial modes as the difference between sums over all integers
and even integers, as used in Eq. (4.2), and again use Poisson summation formula.
The final result is identical to Eq. (4.3). The third method is similar to the first,
except we perform the sum over the Matsubara frequencies using the poisson
summation formula given by Eq. (3.5), and the final result is identical to Eq. (4.7).
In the fourth method, we use directly the definition given in Eq. (4.8), with its
terms explicitly calculated in Sec. 3 and given by Eqs.(3.7, 3.9). The final result
is identical to Eq. (4.5). For the fifth method, we use the second form of the
free energy given by Eq. (2.9) and use the Abel-Plana formula, and the result is
identical to Eq. (4.7). Exactly the same method has been used in [24] and the
Casimir free energy obtained in [24] is equivalent to Eq. (4.7). They also obtained
the Casimir free energy by calculating and using the Casimir pressure. Their final
result is identical to Eq. (4.3).
So far, in this section we have shown that for massless fermions, the results
obtained using any zeta function method is identical to that of ZTSM. However,
these results are not equivalent to the one obtained in the last section using the
fundamental definition of the Casimir free energy which is given by Eq. (3.11).
We can summarize our results for the massless case as follows,
FZeta(T, L) = FZTSM(T, L) = FCasimir(T, L) + ∆Ffree(T, L), (4.10)
where two equivalent expressions for FCasimir(T, L) are given by Eqs.(3.11, 3.13).
The difference is the thermal correction to the free energy of the free case, i.e.
∆Ffree(T, L) = −(7ALpi2/180)T 4 as given in Eq. (3.9), which is equivalent to the
black-body term. This difference can be traced back to the fact that the free energy
of the free case at finite temperature contains the black-body term, the subtraction
of which is included in the fundamental definition of the Casimir free energy, but it
is not included in the zeta functionmethod or the ZTSM.We compare these results
in Fig (3). As can be seen from this figure, the free energy obtained via the zeta
function or ZTSM decreases as T 4, while the one obtained via the fundamental
definition goes to zero at high temperatures.
One can now easily calculate all other thermodynamic quantities using the
expressions obtained for the free energies by the zeta function or ZTSM. For ex-
ample, calculation of pressure yields,
PZeta(T, L) = PZTSM(T, L) = PCasimir(T, L) + ∆Pfree(T, L), (4.11)
where an expression for PCasimir(T, L) is given by Eq. (3.12), and ∆Pfree(T, L) =
(7pi2/180)T 4 is the thermal correction to the pressure of the free case. In Fig. (4),
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Figure 3: The Casimir free energy per unit volume for a massless fermion field between
two parallel plates as a function of temperature with fixed plate separations, L = 1.0. The
solid line is for the one obtained via the fundamental definition, and the dashed line is for
the ones obtained by the zeta function, or the zero temperature subtraction method ZTSM.
we compare the pressure obtained using the zeta function method or ZTSM, given
by Eq. (4.11), with the Casimir pressure obtained based on the fundamental def-
inition given by Eq. (3.12). As can be seen, the pressure obtained using the zeta
function method is attractive at low temperatures and becomes repulsive at high
temperature, while the Casimir pressure vanishes at high temperatures. The differ-
ence between the two results (4.11, 3.12) is due to the pressure of the black-body
term.
As mentioned in the Introduction, it has been recognized that the zeta function
method might yield additional unphysical terms, and renormalization programs
have been devised to subtract polynomials in T appearing in the large temper-
ature limits [23, 29]. These are usually calculated using the heat kernel coeffi-
cients. In this case, the only nonzero term is the mononomial T 4 term, which
turns out to be identical the the black-body term and the subtraction of which
yields the correct results, based on the fundamental definition. Specifically, the re-
moval of∆Ffree(T, L) = −(7ALpi2/180)T 4 from the expression forFZeta(T, L) =
FZTSM(T, L) in Eq. (4.10), and the removal of ∆Pfree(T, L) = (7pi
2/180)T 4 from
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Figure 4: The Casimir pressure for a massless fermion field between two parallel plates
as a function of temperature with fixed plate separations, L = 1.0. The solid line is for the
pressure obtained via the fundamental definition, and the dashed line is for the pressure
obtained by the zeta function, or the zero temperature subtraction method ZTSM.
the expression for PZeta(T, L) = PZTSM(T, L) in Eq.(4.11), will yield the correct
the results. We like to emphasize that these extra unphysical terms appear in the
results of zeta function method and the ZTSM for different reasons. In the former
case they are left out by the embedded analytic continuation, and in the latter case
they are left out by its definition. As we have shown, in the massless case these
terms can be easily removed by the renormalization programs that have been de-
vised. However, in the next section, we explore the massive case for which the
extra unphysical terms are not of simple polynomial forms, and hence the renor-
malization programs thus defined cannot completely remove them.
5 The Casimir Free Energy for a Massive Fermion
Field
In this section, we calculate the Casimir free energy, using its fundamental def-
inition as given by Eq. (3.1), for a massive fermion field confined between two
parallel plates with the MIT boundary conditions at finite temperature. Then, we
calculate other Casimir thermodynamic quantities, including pressure, energy, and
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entropy, and show that all of them are finite and vanish as the temperature, mass,
or L increases. In the next section, we compute the Casimir free energy using
the inhomogeneous zeta function and also using the zero temperature subtraction
method [24] and compare the results.
We start with the first form of the free energy given by Eq. (2.8) and integrate
over the transverse momenta. Then we use the Poisson summation formula on
the Matsubara frequencies5, evaluate the derivative with respect to s, and take the
limit s→ 0, to obtain
Fbounded(T, L) =
A
3pi
∑
n1>0
[
ω3n1 +
√
72T 3ω3n1
pi
∞∑
n0=1
(−1)n0√
n30
K 3
2
(βn0ωn1)
]
, (5.1)
where ωn1 =
√
kn1
2 +m2. The spatial modes are the roots of f(kn1) in Eq. (2.6),
which for the massive case are irregular, i.e., they are not equally spaced. To
evaluate the sum over the spatial modes, we use the Principle of the Argument
and after simplifying (see Appendix B) we can express the free energy for the
bounded region as
Fbounded(T, L) = − A
pi2
{
L
∫ ∞
0
p2ω(p)dp− 2LT 2m2
∞∑
j=1
(−1)j
j2
K2 (jβm) +
∫ ∞
0
[
p2 + 2T
∞∑
j=1
(−1)j
j
p sin (jβp)
]
Ln
(
1 +
ω(p)−m
ω(p) +m
e−2Lω(p)
)
dp
}
,(5.2)
where ω(p) =
√
p2 +m2. Since we are going to use the fundamental definition of
the Casimir free energy, we also need to calculate the free energy of the free mas-
sive case at finite temperature. We start with the first form of the free energy, and
following steps analogous to those of the bounded case, we can express the free
energy of free case as a zero temperature part and a finite temperature correction
part as follows,
Ffree(T, L) = Ffree(0, L) + ∆Ffree(T, L), where,
Ffree(0, L) = −AL
pi2
∫ ∞
0
k2ω(k)dk, and,
∆Ffree(T, L) =
2ALT 2m2
pi2
∞∑
j=1
(−1)j
j2
K2 (jβm) . (5.3)
5The form of the Poisson summation we have used is:
∞′∑
n0=−∞
e−t(
n0pi
β
)2 = β
pi
∫∞
0 e
−ty2dy + 4
pi
∞∑
n0=1
(−1)n0
n0
∫∞
0 yte
−ty2 sin(yn0β)dy
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Note that the first two terms of Fbounded(T, L) given by Eq. (5.2) are identical to the
two terms ofFfree(T, L) given by Eq. (5.3). Now, using the fundamental definition,
as expressed in Eq. (3.1), these terms cancel each other upon subtraction and
the Casimir free energy for a massive fermion field confined between two plates
becomes6,
FCasimir(T, L) = − A
pi2
∫ ∞
0
{
p2 + 2Tp
∞∑
j=1
(−1)j
j
sin (jβp)
}
×
Ln
(
1 +
ω(p)−m
ω(p) +m
e−2Lω(p)
)
dp. (5.4)
The zero temperature and finite temperature correction parts, i.e. FCasimir(0, L) and
∆FCasimir(T, L), are associated with the two terms in the curly bracket in Eq. (5.4),
respectively.
One can easily show that using the second form of the free energy given by
Eq. (2.9), one obtains exactly the same expression as in Eq. (5.4). In Fig. (5), we
plot the Casimir free energy of a massive fermion field for various values of mass.
As can be seen, the Casimir free energy goes to zero rapidly as the temperature
or mass of the fermion field increases. As can be seen directly in Eq. (5.4), the
Casimir free energy goes to zero rapidly as L increases. Moreover, as can be
seen from Fig. (5), and can be shown easily from Eq. (5.4), the massless limit of
our result for the massive case coincides exactly with the massless case given by
Eq. (3.11). The zero temperature limit of FCasimir(T, L) given by Eq. (5.4) yields
the following well known result, as reported in, for example, [49, 50]
FCasimir(0, L) = ECasimir(0, L) = − A
pi2
∫ ∞
0
p2 Ln
[
1 +
ω(p)−m
ω(p) +m
e−2Lω(p)
]
dp.(5.5)
Now, one can obtain other thermodynamic quantities including, the Casimir
pressure, Casimir energy, and Casimir entropy from the expression we have ob-
tained for the Casimir free energy Eq. (5.4). We calculate the Casimir pressure for
a massive fermion field, in analogy with the massless case shown in Eq. (3.12),
6The sum in Eq. (5.4) can be written in closed form:
∞∑
j=1
(−1)j
j
sin (jβp) = −tan−1
[
tan
(
pβ
2
)]
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Figure 5: The Casimir free energy per unit volume for a massive fermion field between
two parallel plates as a function of temperature with fixed plate separations, L = 1.0, for
various values of massm = {0.0, 0.01, 0.1, 0.5, 1.0, 1.5, 3.0}. Note that the Casimir free
energy goes to zero as the temperature or mass increases.
and obtain,
PCasimir(T, L) = − 1
pi2
∞∫
0
[
ω(p)2 −mω(p)] [1− tanh (Lω(p))]×
p2 + (2Tp)
∞∑
j=1
(−1)j
j
sin (jβp)
ω(p) +m tanh (Lω(p))
dp. (5.6)
The zero temperature and finite temperature correction parts, i.e. PCasimir(0, L) and
∆PCasimir(T, L), are associated with the two terms on the numerator of the fraction
term in Eq. (5.6), respectively. We plot PCasimir(T, L) for various values of mass
in Fig. (6). As can be seen, the Casimir pressure also goes to zero rapidly as the
temperature or the mass of fermion field increases. Moreover, as can be seen from
Fig. (6), and can be shown easily from Eq. (5.6), the massless limit of our result
for the massive case coincides exactly with the massless case given by Eq. (3.12).
The Casimir energy can be calculated using either of the following two ex-
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Figure 6: The Casimir pressure for a massive fermion field between two parallel plates
as a function of temperature with fixed plate separations, L = 1.0, for various values of
mass m = {0.0, 0.01, 0.1, 0.5, 1.0, 1.5, 3.0}. Note that the Casimir pressure goes to zero
as the temperature or mass increases.
pressions,
ECasimir(T, L) = Ebounded(T, L)− Efree(T, L) = ∂
∂β
[βFCasimir(T, L)] . (5.7)
The first expression is its fundamental definition. We use the second expression
to obtain,
ECasimir(T, L) = − A
3pi2
∫ ∞
0
dp
(
Lp2 −m) [1− tanh (Lω(p))]×
p4 + 6T 3
∞∑
j=1
(−1)j
j3
p
{
(2jβp) cos(jβp) + [(jβp)2 − 2] sin(jβp)
}
ω(p) (ω(p) +m) [ω(p) +m tanh (Lω(p))]
. (5.8)
Finally, we calculate the Casimir entropy and obtain,
SCasimir(T, L) = − ∂
∂T
FCasimir(T, L) = −2AT
2
pi2
∫ ∞
0
dp
(
Lp2 −m)×
[1− tanh (Lω(p))]
∞∑
j=1
(−1)jp [(3jβp) cos(jβp) + [(jβp)2 − 3] sin(jβp)]
j3ω(p) (ω(p) +m) [ω(p) +m tanh (Lω(p))]
. (5.9)
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In Fig. (7), we show all of these Casimir thermodynamic quantities. Note that
all of these quantities are finite and go to zero at high temperatures. In analogy
with the case of Casimir free energy, one can easily show that all of the Casimir
thermodynamic quantities also go to zero asm or L increases.
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Figure 7: The Casimir thermodynamic quantities, including the free energy, pressure,
energy, and entropy, obtained using the fundamental definition, for a massive fermion
field between two parallel plates as a function of temperature with fixed plate separation
L = 1.0, and mass m = 0.5. The solid line is for the Casimir free energy per unit
volume FCasimir(T,L)/V , the large dashed line is for the Casimir pressure PCasimir(T,L),
the small dashed line is for the Casimir energy per unit volume ECasimir(T,L)/V , and
dot-dashed line is for the Casimir entropy per unit volume multiplied by the temperature
TSCasimir(T,L)/V . Note that all of the Casimir quantities go to zero as the temperature
increases.
6 Massive Fermions and the Generalized Zeta Func-
tion
The zeta function method has been used to calculate the Casimir free energy for
the massive fermion field between two plates and some solutions have been pre-
sented (see for example in [51,52]). In this section, we compute explicitly the final
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results for the Casimir free energy and Casimir pressure for this problem using the
zeta function method, and also using the zero temperature subtraction method, and
show that, contrary to the massless case, they yield different results. Most impor-
tantly, we show that neither of these results are equivalent to the one obtained in
Sec.5 based on the fundamental definition. Moreover, we show that these dis-
crepancies cannot be fixed completely by the renormalization program mentioned
before (see e.g. [23, 29]), since the extra unphysical terms are non-polynomial.
We start with the first form of the free energy given by Eq. (2.8) and integrate
over the transverse momenta. Then we present the sum over Matsubara frequen-
cies as the the difference between sum over all integers and even integers, as used
in Eq. (4.2), and use the inhomogeneous zeta function on the Matsubara frequen-
cies (see Appendix A). The result is,
FZeta(T, L) =
A
4
√
pi3
∑
n1>0
lim
s→0
∂
∂s
1
Γ(s)
{
Γ
(
s− 3
2
)(
ω2n1
) 3
2
−s
+
8
∞∑
n0=1
(
ωn1
βn0
) 3
2
−s [
K 3
2
−s (2βn0ωn1)− 2
1
2
−sK 3
2
−s (βn0ωn1)
]}
, (6.1)
where ωn1 =
√
kn1
2 +m2. To explore the mechanism of removal of divergences
from this point forward, it is useful to compare this expression with the analogous
one that we have obtained for the massless case after using the inhomogeneous
zeta function on the Matsubara frequencies, i.e. Eq. (4.6). The first term in both
expressions is a divergent term which is the sum over the spatial modes and is
leftover from the use of inhomogeneous zeta function on the Matsubara frequen-
cies. In the massless case, the spatial modes were regular and we could obtain the
analytic continuation of its divergent term using a supplementary zeta function.
In the present case, the modes are irregular and, as before, we compute the sum
over the spatial modes using the Principle of the Argument (see Appendix B), and
obtain the following expression,
FZeta(T, L) =
A
2
√
pi5
lim
s→0
∂
∂s
1
Γ(s)
{
Γ
(
s− 1
2
)∫ ∞
0
p2−2s
[
Lω(p)+
Ln
(
1 +
ω(p)−m
ω(p) +m
e−2Lω(p)
)]
dp− 4
∞∑
n0=1
√
T
n0
∫ ∞
−∞
(ip)
3
2
−s
[
2K 1
2
−s (2iβn0p)
−2 12−sK 1
2
−s (iβn0p)
] [
Lω(p) + Ln
(
1 +
ω(p)−m
ω(p) +m
e−2Lω(p)
)]
dp
}
. (6.2)
where ω(p) =
√
p2 +m2. The terms which include the logarithm function, are
finite in the domain of integration. So, for these terms we take the derivative with
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respect to s, take the limit s→ 0, and obtain a result which is identical to FCasimir
as given by Eq. (5.4),
FZeta(T, L) = FCasimir +
AL
2
√
pi5
lim
s→0
∂
∂s
1
Γ(s)
{
Γ
(
s− 1
2
)∫ ∞
0
p2−2sω(p)dp− 4
∞∑
n0=1
√
T
n0
×
∫ ∞
−∞
(ip)
3
2
−s
[
2K 1
2
−s (2iβn0p)−
√
2(1−2s)K 1
2
−s (iβn0p)
]
ω(p)dp
}
. (6.3)
The remaining terms are extra unphysical terms leftover by the inhomogeneous
zeta function. To compute these two terms, we replace the square root term
ω(p) =
√
p2 +m2 by the integral representation of generalized gamma func-
tion7. Next we evaluate the integral over p and t. Only the first of these terms
is divergent, and its divergence appears as Γ(s − 2), which after dividing Γ(s),
taking the derivative with respect to s, and taking the limit s → 0, yields a finite
result. We can express the final result as follows,
FZeta(T, L) = FCasimir(T, L) +
ALm4
32pi2
[3− 4 ln(m)] + ∆Ffree(T, L). (6.4)
The order of the terms presented above is the same as in Eq. (6.3), i.e., the second
term is the finite term mentioned above, and the last term is the thermal correction
to the free energy of the massive free case, i.e. ∆Ffree(T, L) given in Eq. (5.3),
which the zeta function fails to subtract, just as in the massless case. As shown
by Elizald [21] the procedure that we have used to remove the divergences is
precisely equivalent to isolating the poles of the inhomogeneous zeta function,
which appear as the poles of the gamma function, and then removing them. In
this respect, this procedure is an analytic continuation scheme.
Next we calculate the Casimir free energy using the zero temperature sub-
traction method (ZTSM) [24], as defined in Eq. (4.8). We use the results ob-
tained in the Sec. 5 for the free energy of the bounded and free cases, given by
Eqs. (5.2,5.3). We can summarize the results as follows,
FZTSM(T, L) = FCasimir(T, L) + ∆Ffree(T, L), (6.5)
= FZeta(T, L)− ALm
4
32pi2
[3− 4 ln(m)]
It is worth mentioning that the massless limit of FZeta(T, L) and FZTSM(T, L) for
the massive cases given by Eqs. (6.4, 6.5), coincide exactly with their massless
cases given by Eq. (4.5).
7
√
p2 +m2 =
∞∫
0
dt
t
3
2 Γ(− 12 )
e−t[p
2+m2]
25
Now we can compare the three different results obtained for the Casimir free
energy using the fundamental definition, FCasimir given by Eq. (5.4), the zeta func-
tionmethod, FZeta given by Eq. (6.4), and the zero temperature subtractionmethod,
FZTSM given in Eq. (6.5). Comparing FZeta with FZTSM, we observe that, contrary
to the massless case, the results are not equivalent: there is an extra term in FZeta,
which is its second term in Eq. (6.4) and is temperature-independent. As men-
tioned above, this extra term is an analytic continuation of the divergent term
which appears after using the inhomogeneous Epstein zeta function. Next, we
compare these two results withFCasimir. First, as can be seen from the Eqs. (5.4,6.4,
6.5), FCasimir does not include the extra temperature independent term in FZeta,
mentioned above. Second, FCasimir does not include the thermal correction term
of the free case, i.e. ∆Ffree(T, L) given by Eq. (5.3), which appears in both FZeta
and FZTSM. Note that this extra term is a non-polynomial function of T , the high
temperatures limit of which is,
lim
T→∞
∆Ffree(T, L) = −
(
7ALpi2
180
)
T 4 +
(
ALm2
12
)
T 2 − ALm
4
8pi2
[ln(piT )− γ] ,
(6.6)
where γ = 0.5772 is the Euler-Maschernoi constant. This expansion can also be
obtained by the heat kernel coefficients.
As mentioned before, it has long been recognized that the use of the zeta
function method yields extra unphysical terms. To remedy this, Geyer et al. [23]
defined a renormalization program in which the polynomial terms obtained using
the heat kernel coefficients with powers greater or equal to two are subtracted. In
their work on bosonic cases, they emphasized that all of the mentioned terms are
of quantum character and do not include the classical term which is proportional to
temperature. We now explore the results of this renormalization program. Below
we state the renormalization program as presented in reference [23]
F ren = Eren0 +∆TF0 − α0 (kBT )4 − α1 (kBT )3 − α2 (kBT )2 . (6.7)
The coefficients of these terms depend on geometrical characteristics of the con-
figuration and can be expressed in terms of heat kernel coefficients. Therefore,
based on this renormalization program, the physical Casimir free energy for a
massive fermion field confined between two parallel plates obtained using zeta
function is as follows,
F renZeta(T, L) = FZeta +
(
7ALpi2
180
)
T 4 −
(
ALm2
12
)
T 2, (6.8)
where FZeta is given by Eq. (6.4). One can analogously define a renormalized
ZTSM free energy as follows,
F renZTSM(T, L) = FZTSM +
(
7ALpi2
180
)
T 4 −
(
ALm2
12
)
T 2. (6.9)
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where FZTSM is given by Eq. (6.5).
To illustrate the differences between the five expressions for the Casimir free
energy, we plot them in Fig. (8). As can be seen in this figure, the free energies
obtained via the zeta function and ZTSM decrease without bound as temperature
increases, while the Casimir free energy goes to zero at high temperatures. More-
over, the free energies obtained by applying the renormalization program, i.e.,
F renZeta, F
ren
ZTSM, do not go to zero as temperature increases, and in fact diverge due to
the subtraction of only the first two terms of Eq. (6.6) which are proportional to T 2
and T 4. The divergence is due to the remaining ln(T ) term. The zero temperature
limit of both ZTSM results are compatible with that of the FCasimir, while those of
the zeta function methods are not. This is due to the extra constant term in the
FZeta, and F
ren
Zeta.
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Figure 8: The Casimir free energies per unit volume for a massive fermion field between
two parallel plates as a function of temperature with fixed plate separation L = 1.0 and
mass m = 0.5, obtained using five methods. The solid line is for the fundamental defini-
tion, FCasimir(T,L), the medium dashed line is for the zeta function method, FZeta(T,L),
the dash-dot line is for the ZTSM, FZTSM(T,L), the small dashed line is for the renormal-
ized zeta function, F renZeta(T,L), and the large dashed line is for the renormalized ZTSM,
F renZTSM(T,L).
One can now obtain other thermodynamic quantities based on the expressions
we have obtained for the free energy using the zeta function method Eq. (6.4),
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ZTSM Eq. (6.5), and their renormalized versions Eqs. (6.8,6.9). For example, we
calculate the pressure for a massive fermion field using the free energy obtained
via the zeta function, in analogy with the massless case shown in Eq. (4.11). We
express the result in terms of PCasimir(T, L) as follows,
PZeta(T, L) = PCasimir(T, L)− m
4
32pi2
[3− 4 ln(m)] + ∆Pfree(T, L)
∆Pfree(T, L) = −2T
2m2
pi2
∞∑
j=1
(−1)j
j2
K2 (jβm) (6.10)
As before, the second terms is a constant term leftover by the zeta function, and
the third term is the thermal correction to the pressure of the free case, which the
zeta function fails to subtract. Next we calculate the pressure using the free energy
obtained via the ZTSM.We express the result in terms of PCasimir(T, L) as follows,
PZTSM(T, L) = PCasimir(T, L) + ∆Pfree(T, L) (6.11)
Next, we calculate the pressure obtained via the renormalized zeta function, i.e.,
F renZeta(T, L), and renormalized ZTSM, i.e., F
ren
ZTSM(T, L). The results are,
P renZTSM(T, L) = PZTSM(T, L)−
(
7pi2
180
)
T 4 +
(
m2
12
)
T 2 (6.12)
P renZeta(T, L) = PZeta(T, L)−
(
7pi2
180
)
T 4 +
(
m2
12
)
T 2. (6.13)
In Fig. (9), we compare these results with the Casimir pressure obtained based
on the fundamental definition given by Eq. (5.6). As can be seen, the pressures
obtained using the zeta function method, and ZTSM are attractive at low tem-
peratures and repulsive at high temperature, while the Casimir pressure is always
attractive and vanishes as temperature increases. The differences between these
results, besides the constant term present in PZeta(T, L), are due to the thermal
correction of pressure of free case which is a non-polynomial function of T for
the massive fermion field. The pressures obtained using the zeta function method,
and ZTSM all diverge as T 4 at high temperatures, and their renormalized versions
as ln(T ). At T = 0, only the ZTSM results match the PCasimir(0, L).
7 Summary and Discussion
In this paper, we have explored the implications of the fundamental definition
of the Casimir free energy, and how they compare with some of the methods in
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Figure 9: The Casimir pressure for a massive fermion field between two parallel plates as
a function of temperature with fixed plate separation L = 1.0 and massm = 0.5, obtained
using five methods. The solid line is for the fundamental definition, PCasimir(T,L), the
medium dashed line is for the zeta function method, PZeta(T,L), the dash-dot line is
for the ZTSM, PZTSM(T,L), the small dashed line is for the renormalized zeta function,
P renZeta(T,L), and the large dashed line is for the renormalized ZTSM, P
ren
ZTSM(T,L).
common use, i.e., the generalized zeta function method and the zero subtraction
method, along with their supplementary renormalization program. For a concrete
example which would illustrate the similarity and differences, we have chosen
massless and massive fermion fields confined between two parallel plates, sepa-
rated by a distance L, with MIT bag boundary conditions at finite temperature.
The fundamental definition of FCasimir is the difference between the free energy
of the system in the presence of nonperturbative conditions or constraints, and
the one with no constraints, which we have referred to as the free case, both be-
ing at the same temperature T and having the same volume. We have calculated
the Casimir free energy based on the fundamental definition, and have used it to
calculate other Casimir thermodynamic quantities, including the pressure, energy,
and entropy, and have shown that all of them are finite and vanish as the temper-
ature, L, or mass increases. This occurs due to the subtraction of the free case
at the same temperature which amounts to the cancellation of the part of thermal
correction of the bounded case which is equivalent to that of the free case. We
have also shown that the massless limits of the Casimir thermodynamic quantities
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obtained for the massive fermion field are identical to the ones obtained for the
massless case.
We have then computed the Casimir thermodynamic quantities using some
other methods in common use and compared the results to the ones obtained using
the fundamental definition. First, we concentrated on computing the Casimir free
energy for a massless fermion field. We first used the zeta function, implemented
in three different ways, to evaluate the analytic continuation of the double sums
of the spatial and Matsubara modes, and have shown that they all yield equivalent
results. Moreover, we have calculated this Casimir free energy using the zero
temperature subtraction method, and have shown that the results are equivalent
to those of zeta function methods. However, these results are not equivalent to
the ones obtained using the fundamental definition of the Casimir free energy.
The difference is the T 4 term which is the equivalent of the black-body radiation
term. This difference can be traced back to the fact that the free energy of the free
case at finite temperature contains the black-body term, the subtraction of which
is included in the fundamental definition of the Casimir free energy, but it is not
included in the zeta functionmethod or the ZTSM. This difference also exists in all
other Casimir thermodynamic quantities. For example, PZeta or PZTSM, contrary to
the Casimir pressure obtained by the fundamental definition, are repulsive at high
temperatures, due to the black-body term. A renormalization program has been
devised to subtract the high temperature expansions as polynomials in T , the use
of which yield the correct results for the massless case.
Next, we have used the inhomogeneous zeta functionmethod and the ZTSM to
calculate the Casimir free energy for a massive fermion field and have shown that,
contrary to the massless case, they yield different results. Moreover, similar to
the massless case, neither of these results is equivalent to FCasimir obtained via the
fundamental definition. The major difference is that both FZeta and FZTSM contain
the thermal correction to the free case, denoted by ∆Ffree(T, L), which they have
failed to subtract and is a non-polynomial function of T . Moreover, FZeta, includes
an extra unphysical temperature-independent term leftover by the inhomogeneous
zeta function, which is a non-polynomial function of the mass which vanishes
as m → 0. The high-temperature expansion of ∆Ffree(T, L) includes T 4, T 2 and
ln(T ) terms. The renormalization program mentioned above removes the first two
of these terms in this case which do not equal ∆Ffree(T, L). Consequently, F
ren
Zeta
and F renZTSM are also not equal to FCasimir at any nonzero temperature. This is in
contrast to the massless case, where ∆Ffree(T, L) was a simple mononomial T
4,
the subtraction of which lead to FCasimir = F
ren
Zeta = F
ren
ZTSM. Therefore, as can be
seen from Fig. (8), for the massive case the five expressions for the Casimir free
energy are not equivalent at any temperature, except at T = 0 where the ZTSM
results are equal to FCasimir(0, L). In particular, as T →∞, FCasimir → 0, FZeta and
FZTSM ∼ T 4, and F renZeta and F renZTSM ∼ ln(T ). These differences are also present in
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all other Casimir thermodynamic quantities, e.g., the Casimir pressures illustrated
in Fig. (9).
We believe that the correct method for computing the Casimir free energy is
by the use of its fundamental definition. Using this method, the final results do
not contain any extra unphysical terms, and there is no need to devise any new
renormalization program, which would even seem impossible for arbitrary non-
polynomial terms. All other Casimir thermodynamic quantities can be calculated
either similarly or directly from the Casimir free energy. We also conclude that
the generalized zeta function method and ZTSM are not suitable methods for the
computations of the Casimir effects at finite temperature, while their renormalized
versions could yield the correct results only in massless cases.
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A Calculation of the free energy using generalized
zeta function
The most commonly used method for calculating the Casimir effects is the zeta
function method. The generalized zeta function [53] is given dy the following
expression,
ZM
2
p (s; a1, ..., ap; c1, ..., cp) =
∞∑
n1=−∞
...
∞∑
np=−∞
[
a1(n1 − c1)2 + ...+ ap(np − cp)2 +M2
]−s
.
(A.1)
The above expression yields finite results for Re(s) > p
2
, and admits an analytic
continuation for Re(s) < p
2
, [19, 53]. This form is also referred to as the inho-
mogeneous generalized zeta function. If we set the parameters c1, ..., cp to zero,
we obtain a special form of the inhomogeneous generalized zeta function. An im-
portant special form called the homogeneous zeta function is obtained when the
parametersM and c1, ..., cp are set to zero. For this case, there is a constraint that
the sums should not include the (n1 = 0, ..., np = 0) mode. Obviously, for the
massive case we have to use the inhomogeneous form, while, as shown in the text,
both forms can be used for the massless case.
In the first part of this appendix, we show explicitly three different ways of us-
ing the zeta function for obtaining the free energy of the massless case, as outlined
in Sec. 4, starting with Eq. (4.2) and obtaining the three equivalent expressions
given in Eqs. (4.3,4.5,4.7). In the first method, we do the double sums simulta-
neously, so as to obtain the final result shown in Eq. (4.3). The expression that
we have obtained for FZeta(T, L), given by Eq. (4.2), can be expressed in terms of
homogeneous generalized zeta functions as follows,
FZeta(T, L) =
TA
4pi
lim
s→0
∂
∂s
Γ(s− 1)
Γ(s)
{
Z2
(
s− 1; pi
2
β2
,
pi2
4L2
)
−
Z2
(
s− 1; pi
2
β2
,
pi2
L2
)
− Z2
(
s− 1; 4pi
2
β2
,
pi2
4L2
)
+ Z2
(
s− 1; 4pi
2
β2
,
pi2
L2
)}
.
(A.2)
Here s − 1 =: s′ < 1, and an analytic continuation may be implemented by
application of the following zeta function reflection formula [20, 54],
pi−s
′
Γ(s′)Zp (s
′; a1, ..., ap) =
pi−
p
2
+s′
√
a1a2...ap
Γ(
p
2
− s′)Zp
((p
2
− s′
)
;
1
a1
, ...,
1
ap
)
.
(A.3)
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Using this for the first term of Eq. (A.2), as an example, we obtain,
Z2
(
s− 1; pi
2
β2
,
pi2
4L2
)
=
2βLΓ(2− s)
Γ(s− 1)pi5−2sZ2
(
2− s; β
2
pi2
,
4L2
pi2
)
=
2βLΓ(2− s)
Γ(s− 1)pi5−2s
∞∑
n0=−∞
∞′∑
n1=−∞
[(
n0β
pi
)2
+
(
n12L
pi
)2](s−2)
.(A.4)
Using the reflection formula for all four terms of Eq. (A.2), taking the derivative
with respect to s, and taking the limit8 s → 0, the expression for the free energy
becomes
FZeta(T, L) = −7AL
2pi2
∞∑
n0=1
1
(n0β)4
− 7AL
32pi2
∞∑
n1=1
1
(n1L)4
+
AL
2pi2
∞∑
n0=1
∞∑
n1=1
[
4
(
n20β
2 + 4n21L
2
)−2 − 2(n20β2 + n21L2)−2
−2
(
n20β
2
4
+ 4n21L
2
)−2
+
(
n20β
2
4
+ n21L
2
)−2]
. (A.5)
Since the summations in Eq. (A.5) are over only positive definite integers, we
use the homogeneous form of the generalized inhomogeneous Epstein zeta func-
tion [55] given by
EM
2
p (s; a1, ..., ap) =
∞∑
n1=1
...
∞∑
np=1
[
a1n1
2 + a2n2
2 + ...+ apnp
2 +M2
]−s
. (A.6)
That is, we use E0p which is usually denoted by Ep. Before we apply this to the
four terms in Eq. (A.5), we use the following relation for the Epstein zeta function,
E2,
E2(s; a1, a2) = −ζ(2s)
2a1s
+
√
pi
a2
Γ(s− 1
2
)ζ(2s− 1)
2Γ(s)a1
(s− 12)
+
2pis√
a2
(s+ 12)Γ(s)
√
a1
(s− 12)
∞∑
m1=1
∞∑
m2=1
(
m2
m1
)(s− 12)
K 1
2
−s
(
2pim1m2
√
a1
a2
)
. (A.7)
Using this for each term in Eq. (A.5), we obtain
FZeta(T, L) = −7AL
2pi2
∞∑
n0=1
1
(n0β)4
+ A
√
T 5
L
∞∑
n0=1
∞∑
n1=1
√
n30
n31
×
[
5
√
2K−3
2
(4pin0n1LT ) + 2K−3
2
(2pin0n1LT )− 4K−3
2
(8pin0n1LT )
]
. (A.8)
8We have used lim
s→0
∂
∂s
f(s)
Γ(s) = f(0), since f(s) is an analytic function for s < 1.
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Finally we compute the sum over n0 modes
9 and obtain,
FZeta(T, L) = −7ALT
4pi2
180
+
AT
8piL2
∞∑
n1=1
1
n31
[
5
(4pin1LT + 1) e
4pin1LT − 1
(e4pin1LT − 1)2 −
4
(2pin1LT + 1) e
2pin1LT − 1
(e2pin1LT − 1)2 −
(8pin1LT + 1) e
8pin1LT − 1
(e8pin1LT − 1)2
]
. (A.9)
Then we simplify the above expression and obtain the free energy given by Eq. (4.3).
Next, we compute the free energy of the massless case using the zeta function
to do the sums separately. To do this, first we note that there are partial cancel-
lations in the sums of Eq. (4.2), i.e., the terms with n0 = 0 or n1 = 0 cancel
each other. Next, we express the remaining sums as sums over positive integers
as follows,
F (T, L) =
TA
pi
lim
s→0
∂
∂s
Γ(s− 1)
Γ(s)
∞∑
n0=1
∞∑
n1=1
[(
n20pi
2
β2
+
n21pi
2
4L2
)1−s
−
(
n20pi
2
β2
+
n21pi
2
L2
)1−s
−
(
4n20pi
2
β2
+
n21pi
2
4L2
)1−s
+
(
4n20pi
2
β2
+
n21pi
2
L2
)1−s]
.(A.10)
For our first case, which constitutes our second method, we first calculate the
sum over spatial modes and then the sum over the remainingMatsubara modes. To
do this, we consider the Matsubara modes in Eq. (A.10), i.e., n0pi/β and 2n0pi/β,
as the constant term of Eq. (A.6). Then we use the following expression for
EM
2
1 (s; a) [55],
EM
2
1 (s; a) = −
1
2M2s
+
√
pi
a
1
2Γ(s)M2s−1
[
Γ(s− 1
2
) +
4
∞∑
j=1
( √
a
pijM
)( 12−s)
K 1
2
−s
(
2pijM√
a
)]
, (A.11)
9We have used the following identities,
∞∑
m=1
√
m3K 3
2
(ma) =
√
pi
2a3
(a+1)ea−1
(ea−1)2
=
∞∑
m=1
√
m3K− 3
2
(ma)
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to compute the free energy. Then we obtain,
FZeta(T, L) =
TAL√
pi3
lim
s→0
∂
∂s
1
Γ(s)
∞∑
n0=1
(
n0pi
β
)3−2s{
Γ
(
s− 3
2
)(
1
2
− 22−2s
)
+
2
∞∑
n1=1
(
β
n0n1Lpi
) 3
2
−s [(
2s−
1
2 + 2
3
2
−s
)
K 3
2
−s (4pin0n1LT )−K 3
2
−s (2pin0n1LT )−
2K 3
2
−s (8pin0n1LT )
]}
. (A.12)
Taking the derivative with respect to s and the limit s → 0, the free energy be-
comes
FZeta(T, L) = −14ALT
4pi2
3
∞∑
n0=1
n0
3 + A
√
T 5
L
∞∑
n0=1
∞∑
n1=1
√
n30
n31
{
5
√
2K−3
2
(4pin0n1LT )− 2K−3
2
(2pin0n1LT )− 4K−3
2
(8pin0n1LT )
}
. (A.13)
This expression is equivalent to Eq. (4.4) and, as mentioned in Sec. 4, we calcu-
late the divergent sum over the Matsubara frequencies using the analytic continu-
ation obtained via ζ(−3). This results in the explicit appearance of the unphysical
black-body radiation term in the expression for our final result given by Eq. (4.5).
For our second case, which constitutes our third method, we first calculate the
sum over Matsubara modes and then the sum over the remaining spatial modes.
To do this, we consider the spatial modes in Eq. (A.10), i.e., n1pi/2L and n1pi/L,
as the constant term of Eq. (A.6). Then we use Eq. (A.11) and compute the free
energy, obtaining the following expression,
FZeta(T, L) = −7Api
2
24L3
∞∑
n1=1
n1
3 + A
√
T 3
L
∞∑
n0=1
∞∑
n1=1
√
n31
n30
{
5√
2
K−3
2
(pin0n1
LT
)
+
−2K−3
2
(
2pin0n1
LT
)
−K−3
2
(pin0n1
2LT
)}
. (A.14)
This expression is equivalent to Eq. (4.6) and, as mentioned in Sec. 4, we calculate
the divergent sum over the spatial modes using the analytic continuation rendered
by ζ(−3). This yields the correct zero temperature part present in the expression
for our final result given by Eq. (4.7), where the unphysical black-body radiation
term is embedded in the other three terms.
In the last part of this appendix, we use the inhomogeneous generalized zeta
functions to compute the free energy of the massive case. As mentioned in Sec. 6,
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We start with the first form of the free energy given by Eq. (2.8) and integrate over
the transverse momenta. Then we present the sum over Matsubara frequencies
as the the difference between sum over all integers and even integers, as used in
Eq. (4.2), to obtain
FZeta(T, L) =
TA
pi
lim
s→0
∂
∂s
Γ(s− 1)
Γ(s)
∞∑
n0=1
∑
n1>0


[(
n0pi
β
)2
+ k2n1 +m
2
]1−s
−
[(
2n0pi
β
)2
+ k2n1 +m
2
]1−s
 . (A.15)
To calculate the sum over Matsubara modes, we consider the mass term and the
irregular spatial modes in Eq. (A.15), i.e., k2n1 + m
2, as the constant term of
Eq. (A.6), i.e., M2. Then we use Eq. (A.11) to obtain the free energy given by
Eq. (6.1).
B Calculation of the summation over irregular modes
using the Principle of the Argument
The Principle of the Argument relates the difference between the number of zeros
and poles of a meromorphic function f(z), to a contour integral of the logarithmic
derivative of the function [44]. In this paper, we use the generalized form of the
Principle of the Argument which is as follows [44],
∑
n
g(an)−
∑
m
g(bm) =
1
2pii
∮
C
g(z)d [ln(f(z))] , (B.1)
where an and bm are the zeroes and poles of f(z) inside the closed contour C,
respectively, and g(z) is assumed to be an analytic function in the region enclosed
by the contour C. In applying this theorem to our problem, we find it convenient
to use the following generalization of Eq. (B.1)
∑
n
g(an)−
∑
m
g(bm) =
1
2pii
∮
C
g(z)d [ln(f(z)h(z))] , (B.2)
with the condition that the function h(z) should be analytic and have no zeros in
the region enclosed by the contour C.
The expression that we have obtained for the free energy of the massive case
between two plates in Sec. 5, given by Eq. (5.1), contains a sum over the irregular
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spatial modes which are the roots of f(kn1) in Eq.(2.6). We use the Principle of
the Argument, as expressed in Eq. (B.2), to compute this sum and obtain,
Fbounded(T, L) =
A
3pi
1
2pii
∮
C
[
q3 +
√
72T 3
pi
∞∑
n0=1
(−1)n0√
n03
√
q3K 3
2
(βn0q)
]
×
d

Ln

2
√
q2 −m2 cos
(√
q2 −m2L
)
+ 2m sin
(√
q2 −m2L
)
√
q2 −m2 + im



 ,(B.3)
where g(q2n1) = g(k
2
n1
+m2) is the summand in Eq. (5.1), while g(q) is the inte-
grand defined in Eq. (B.2). We have chosen h(q) = 2/(
√
q2 −m2 + im). The
closed contour C in the complex q-plane should enclose all of the roots of f(kn1).
As can be seen in Fig. (10), the closed contour C is composed of two arcs, CR
and Cr, and also two straight line segments L1, and L2. To compute this contour
integral over q, we replace the first term in the integrand in Eq. (B.3), i.e., the q3
term, by the following integral representation
q3 =
∫ ∞
0
e−tq
2
dt√
t5Γ
(
−3
2
) . (B.4)
Next we integrate by parts. In the limit R → ∞ and r → 0, only L1 and L2 give
nonzero contributions, which can be written as follows,
Fbounded(T, L) =
iA
pi2
∫ i∞
−i∞
dq
[∫ ∞
0
dte−tq
2
q
3
√
t3Γ
(
−3
2
) +√ 2
βpi
∞∑
n0=1
(−1)n0√
n0
√
q3×
K 1
2
(βn0q)
]
Ln

2
√
q2 −m2 cos
(√
q2 −m2L
)
+ 2m sin
(√
q2 −m2L
)
√
q2 −m2 + im



 .
(B.5)
After changing variable q = ip, and evaluating the integral over t, we express the
results as follows
Fbounded(T, L) =
A
2pi2
∫ ∞
0
dp
{[
(ip)2 + (−ip)2]+
−
√
8T
pi5
∞∑
n0=1
(−1)n0√
n0
[
(ip)
3
2K 1
2
(ipβn0) + (−ip)
3
2K 1
2
(−ipβn0)
]}
×
{
Ln
[
eL
√
p2+m2
(
1 +
√
p2 +m2 −m√
p2 +m2 +m
e−2L
√
p2+m2
)]}
. (B.6)
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Figure 10: The closed integration contour C , referred to in Eq. (B.3), for evaluating the
free energy for the massive fermion between two parallel plates, where qi is related to the
irregular spatial mode by q2i = k
2
i +m
2. As R → ∞ and r → 0, only L1 and L2 give
nonzero contributions.
We can simplify10 this expression to obtain the free energy for the bounded case
given by Eq. (5.2).
In Sec. 6, we have calculated the free energy of a massive fermion using the
inhomogeneous zeta function and have displayed the result in Eq. (6.2). The de-
tails of calculations are as follows. We start with Eq. (6.1), follow the same steps
10Using
√
(ip)
3
K 1
2
(ipa) +
√
(−ip)3K 1
2
(−ipa) = pi
√
p3J 1
2
(pa) = p
√
2pi
a
sin (pa)
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as above, and use the same contour shown in Fig. (10). We obtain,
FZeta(T, L) =
iA√
pi5
∫ i∞
−i∞
dq
[∫ ∞
0
dte−tq
2
q
4t
3
2
−s
+
2
∞∑
n0=1
(
q
n0β
) 3
2
−s (
K 1
2
−s (2βn0q)−
√
2(1+2s)K 1
2
−s (βn0q)
)]
×

Ln

2
√
q2 −m2 cos
(√
q2 −m2L
)
+ 2m sin
(√
q2 −m2L
)
√
q2 −m2 + im



 .(B.7)
Using the change of variable q = ip, these integrals are converted to the Euclidean
form. Next we evaluate the integral over t to obtain the expression for FZeta given
by Eq. (6.2).
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